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Abstract. In this paper the model of a elastic composite medium which consists
of a matrix containing a set of orthotropic crystals with therandom orientation
of the anisotropy axes is presented. The axes orientation isdescribed by the
Gauss distribution. The numerical investigation is proposed for rectangular
plate, when the normal strains are given in the one side. Other sides are free of
strain. The finite - difference technique is used for model discretization.
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1 Introduction

Modeling of short wave propagation process is of key importance for solution

of very different problems [1, 2]. The measurement methods based on wave

phenomena present an important and challenging field of wave modeling applica-

tions. Identification and recognition of defects in continuous structures, detection

of impurity particles or coagulation centers in liquids, recognition of geometric

shapes of objects by measuring reflections of waves, etc., can be mentioned as

examples. The term “short wave” is actually the matter of a scale, however,it is

∗The work was supported by Lithuanian State Science and Studies Foundation, project
No. K-063.
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usually understood that the length of the short wave is hundreds or thousands times

less than the dimensions of the structure in which the propagation of the wave is

analyzed. The inherent distortions of propagating short wave in discrete meshes

usually are avoided by using very dense meshes that requires huge computational

resources. The main difficulties arising in ultrasonic measurement processsimula-

tion are caused by: a) computational models of very large dimensionality, b) very

large number of time integration steps, c) adequacy of continua-based models, to

reality. We consider the ultrasonic wave propagation problem taking into account

the structure of composites. More precisely, we examine a linearly elastic com-

posite medium which consists of a matrix containing a set of orthotropic crystals

with random by orientated anisotropy axes. To determine the effective elastic

moduli we replace the composite medium by the homogeneous elastic structure.

Results of the numerical investigation of the ultrasonic waves propagation and

their interaction with a free boundary in 2-D case will be discussed.

2 Mathematical model

There were analyzed materials with granular structure. Materials grains during

their technological processing are approximately oriented by special law.Let

say that there is known distribution density of the crystal main directions. Let

investigate plane case, which means that crystals are oriented in the plane (Fig. 1).

The crystal orientation in the plane case is described by the vectorslO3 = l3,

lO1 = cos θ · l1 + sin θ · l2, lO2 = − sin θ · l1 + cos θ · l2, wherel1, l2, l3 being the

orthonormed vectors.

In the case of the small deformation, the rheological equation of a single

crystal is described by the double scalar product of elasticity and deformation

moduli tensorsPO = c : ε (see [3]), herePO, c, ε are strain, elasticity and

deformation moduli tensors, and symbol: means double scalar product of tensors

c andε. In the general case the rheological equation is nonlinear [3].

Suppose that elasticity moduli tensors of all the crystals are the same. Then

the rheological equation isPO = PO

ij l
O

i lOj , ε = εijlilj , c = cijksl
O

i lOj lOk lOs ,

εij = 1

2

(

∂ui

∂xj
+

∂uj

∂xi

)

, hereu = uili is the point displacement vector during defor-

mation. The equalityPO = c : ε can be changed byPO = cijksl
O

i lOj αspαkqεpq.

Define tensorP =
∫ θ1

−θ1
f(θ)PO(θ)dθ,

∫ θ1

−θ1
f(θ)dθ = 1; heref(θ) is direction
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Fig. 1. The crystal orientation in the plane case.

density of the vectorlO1 .

ThenP = lnlm
∫ θ1

−θ1
f(θ)αinαjmαspαkqdθ·cijksεpq = Pnmlnlm. In the case

of plane deformation we haveε11 = ∂u1

∂x1
, ε22 = ∂u2

∂x2
, 2ε12 = γ12 = ∂u1

∂x2
+ ∂u2

∂x1
,

ε13 = ε31 = ε23 = ε32 = ε33 = 0, u3 = 0 and

Pnm = A11nmε11 + A22nmε22 + 2A12nmε12,

A11nm =

∫ θ1

−θ1

f(θ)αinαjmαs1αk1dθ · cijks,

A22nm =

∫ θ1

−θ1

f(θ)αinαjmαs2αk2dθ · cijks,

2A12nm =

∫ θ1

−θ1

f(θ)αinαjm(αs1αk2 + αs2αk1)dθ · cijks.

Components of tensorP can be written as follows:

P11 = A1111ε11 + A2211ε22,

P22 = A1122ε11 + A2222ε22,

P21 = P12 = 2A1212ε12 = A1212γ12,

P13 = P31 = P23 = P32 = P33 = 0, A2211 = A1122.
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Equations of the linear elasticity theory read:



















ρ
∂2u1

∂t2
=ρF1+A1111

∂2u1

∂x2
1

+A1212

∂2u1

∂x2
2

+(A2211+A1212)
∂2u2

∂x1∂x2

,

ρ
∂2u2

∂t2
=ρF2+(A1212+A1122)

∂2u1

∂x1∂x2

+A1212

∂2u2

∂x2
1

+A2222

∂2u2

∂x2
2

.

(1)

HereF1, F2 are the components of earth acceleration,t – time andx1, x2 – point

coordinates.

Let us investigate plane case, when the stab is to part of side right or sharp

angle (Fig. 2).

2
x

aa

b

b

b

b

Fig. 2. Rectangular plate.

We do not take into account earth acceleration, id est,F1 = F2 = 0. Hence,

equation (1) can be written in the dimensionless form:



















∂2u1

∂t2
= ξ ·

(

A1111

∂2u1

∂x2
1

+ A1212

∂2u1

∂x2
2

+ (A2211 + A1212)
∂2u2

∂x1∂x2

)

,

∂2u2

∂t2
= ξ ·

(

(A1212 + A1122)
∂2u1

∂x1∂x2

+ A1212

∂2u2

∂x2
1

+ A2222

∂2u2

∂x2
2

)

,

hereξ = T 2

ρ·L2 · 1014.

We investigated the ultrasonic waves propagation in rectangular plate and

their interaction with a free boundary. Waves were generated by determining

the normal strain, which was given in the small area of one side. We used the
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following boundary and initial conditions:
(

A1111

∂u1

∂x1

+ A2211

∂u2

∂x2

)
∣

∣

∣

∣

x1=−a

= − sinwt · f(x2) · sinα,

(

A1111

∂u1

∂x1

+ A2211

∂u2

∂x2

)∣

∣

∣

∣

x1=a

= 0,

x2 ∈ [−bε, bε],

wheref(x2) = 103
(

(b · ε)2 − x2
2

)

,
(

A1111

∂u1

∂x1

+ A2211

∂u2

∂x2

)∣

∣

∣

∣

x1=−a

= 0,

(

A1111

∂u1

∂x1

+ A2211

∂u2

∂x2

)
∣

∣

∣

∣

x1=a

= 0,

x2 ∈ [−b,−bε], x2 ∈ [bε, b],

(

∂u1

∂x2

+
∂u2

∂x1

)∣

∣

∣

∣

x1=−a

= 0,

(

∂u1

∂x2

+
∂u2

∂x1

)∣

∣

∣

∣

x1=a

= 0,

x2 ∈ [−b,−bε], x2 ∈ [bε, b],

(

∂u1

∂x2

+
∂u2

∂x1

)
∣

∣

∣

∣

x1=−a

= − sinwt · f(x2) · cos α,

(

∂u1

∂x2

+
∂u2

∂x1

)∣

∣

∣

∣

x1=a

= 0,

x2 ∈ [−bε, bε],

(

A2211

∂u1

∂x1

+ A2211

∂u2

∂x2

)
∣

∣

∣

∣

x2=−b

= 0,

(

A2211

∂u1

∂x1

+ A2222

∂u2

∂x2

)
∣

∣

∣

∣

x2=ab

= 0,

x1 ∈ [−a, a],
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(

∂u1

∂x2

+
∂u2

∂x1

)
∣

∣

∣

∣

x1=−b

= 0,

(

∂u1

∂x2

+
∂u2

∂x1

)∣

∣

∣

∣

x1=b

= 0,

x1 ∈ [−a, a],

wheret > 0,

u1(0, x1, x2) = 0,
∂u1

∂t
(0, x1, x2) = 0, (x1, x2) ∈ D̄,

u2(0, x1, x2) = 0,
∂u2

∂t
(0, x1, x2) = 0, (x1, x2) ∈ D̄.

3 Numerical solution

Analytical solutions of most problems exist only in the simplest cases. Most sci-

entific and engineering problems comprised the complex geometrical and loading

configurations that make the analytical solution impossible. In order to obtain a

solution, a numerical technique must be employed. We used the finite-difference

technique [4]. Let us introduce the following uniform grid:

u1(tn, x1i, x2j) = u1(n, i, j) = ūn
ij , u2(tn, x1i, x2j) = u2(n, i, j) = ¯̄un

ij ,

0 ≤ i ≤ N1, 0 ≤ j ≤ N2, 0 ≤ n ≤ M,

x1i = x10 + ih1, 0 ≤ i ≤ N1, x10 = −a, x1N1
= a,

x2j = x20 + jh2, 0 ≤ i ≤ N2, x20 = −b, x2N2
= b,

tn = nτ, 0 ≤ n ≤ M.

We used an explicit scheme to obtain difference equations:

A1 = ξA1111, A2 = ξA1212, A3 = ξ(A2211 + A1212), A4 = ξA2222,

ūn+1

ij − 2ūn
ij + ūn−1

ij

τ2

= A1

ūn
i+1,j − 2ūn

ij + ūn
i−1,j

h2
1

+ A2

ūn
i,j+1 − 2ūn

ij + ūn
i,j−1

h2
2

+ A3

¯̄un
i+1,j+1 −

¯̄un
i−1,j+1 −

¯̄un
i+1,j−1 + ¯̄un

i−1,j−1

4h1h2

,
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¯̄un+1

ij − 2¯̄un
ij + ¯̄un−1

ij

τ2

= A3

ūn
i+1,j+1 − ūn

i−1,j+1 − ūn
i+1,j−1 + ūn

i−1,j−1

4h1h2

+ A2

¯̄un
i+1,j − 2¯̄un

ij + ¯̄un
i−1,j

h2
1

+ A4

¯̄un
i,j+1 − 2¯̄un

i,j + ¯̄un
i,j−1

h2
2

,

here1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ N2 − 1, 1 ≤ n ≤ M − 1.

Set: τ̄ = 1

τ2 , h̄1 = A1

h2

1

, h̄2 = A2

h2

2

, h̄12 = A3

4h1h2
, ¯̄h2 = A2

h2

1

, ¯̄h4 = A4

h2

2

.

Then the system of difference equations reads:







































































ūn+1

ij =
h̄1

τ̄

(

ūn
i+1,j + ūn

i−1,j

)

+
h̄2

τ̄

(

¯̄un
i,j+1 + ¯̄un

i,j−1

)

+
h̄12

τ̄

(

¯̄un
i+1,j+1 −

¯̄un
i−1,j+1 −

¯̄un
i+1,j−1 + ¯̄un

i−1,j−1

)

+
2(τ̄ − h̄1 − h̄2)

τ̄
ūn

ij − ūn−1

ij ,

¯̄un+1

ij =
h̄12

τ̄

(

ūn
i+1,j+1 − ūn

i−1,j+1 − ūn
i+1,j−1 + ūn

i−1,j−1

)

+
¯̄h2

τ̄

(

¯̄un
i+1,j + ¯̄un

i−1,j

)

+
h̄4

τ̄

(

¯̄un
i,j+1 + ¯̄un

i,j−1

)

+
2
(

τ̄ − h̄4 −
¯̄h2

)

τ̄
¯̄un

ij −
¯̄un−1

ij ,

here1 ≤ i ≤ N1 − 1, 1 ≤ j ≤ N2 − 1, 1 ≤ n ≤ M − 1.

In the similar way we got approximation of the boundary and initial condi-

tions. As the result we got:

A1111

ūn+1

1j − ūn+1

0j

h1

+ A2211

¯̄un+1

0j+1
− ¯̄un+1

0j

h2

= − sinwnτ · fj · sin α,

A1111

ūn+1

N1j − ūn+1

N1−1,j

h1

+ A2211

¯̄un+1

N1,j+1
− ¯̄un+1

N1j

h2

= 0,

ūn+1

0,j+1
− ūn+1

0j

h2

+
¯̄un+1

1j − ¯̄un+1

0j

h1

= − sinwnτ · fj · cos α,

ūn+1

N1, j+1
− ūn+1

N1j

h2

+
¯̄un+1

N1j − ¯̄un+1

N1−1,j

h1

= 0,
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when1 ≤ j ≤ N2 − 1, 1 ≤ n ≤ M − 1.

A2211

ūn+1

i+1,0 − ūn+1

i0

h1

+ A2222

¯̄un+1

i1 − ¯̄un+1

i0

h2

= 0,

A2211

ūn+1

i+1,N2
− ūn+1

iN2

h1

+ A2222

¯̄un+1

iN2
− ¯̄un+1

i,N2−1

h2

= 0,

ūn+1

i1 − ūn+1

i0

h2

+
¯̄un+1

i+1,0 −
¯̄un+1

i,0

h1

= 0,

ūn+1

iN2
− ūn+1

i,N2−1

h2

+
¯̄un+1

i+1,N2
− ¯̄un+1

i,N2

h1

= 0,

when1 ≤ j ≤ N1 − 1, 1 ≤ n ≤ M − 1,

ū0
ij = 0, ¯̄u0

ij = 0,

ūn+1

ij − ūn
ij

τ
= 0, when n = 0, we get ū1

ij = ū0
ij ,

¯̄un+1

ij − ¯̄un
ij

τ
= 0, when n = 0, we get ¯̄u1

ij = ¯̄u0
ij ,

when1 ≤ j ≤ N1, 0 ≤ j ≤ N2.

4 Results of calculations and discussion

We examined isotropy and anisotropy cases. In the first case, whenE1 =E2 =2.3

we got the following wave movement (Fig. 3).

By stab into the rectangular plate left side the wave dynamics is similar to that

of experiments. The wave spread with cylindrical wave elements was observed.

When the wave reached the free right side of the plate and began coming back we

noticed the wave fissure.

The same analysis was made for the anisotropy case (there were chosen

different values of the elasticity moduli) with stab ofπ
4
. In this case the wave

dynamics changes, that is the wave fissure is observed before the wavereaches

the right side of the plate (Fig. 4).
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Fig. 3. Wave movement to the free right side of the pate and coming back:
(a) wave reached the middle of the plate; (b) wave reached theright side of the

plate; (c) the wave coming back; (d) wave reached left side ofthe plate.

Fig. 4. Dynamics of the wave in the anisotropy case with stab by the sharp angle.
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5 Conclusions

1. In the isotropy and anisotropy cases when the stab is right the results ofcom-

puter modeling are similar to those of the real experiments.

2. The mathematical model with the stab by a sharp angle needs more detail

investigation.
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